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1. INTRODUCTION
Ž . Let  be a finite simple group and set    p  p is a prime and
 4  Ž .   p  . We call  a simple K -group if    n. In 10 , Herzog provedn
that if  is a simple K -group, then  is isomorphic to one of the simple3
Ž . Ž . Ž . Ž . Ž . Ž . Ž  .groups A , A , L 7 , L 8 , L 17 , L 3 , U 3 , and U 2 see 9 . In5 6 2 2 2 3 3 4
 18 , Shi discussed the case of the simple K -groups and posed the4
following problem: Is the number of simple K -groups finite or infinite?4
Ž   .  See also 16, Problem 13.65 . In 5 , one of the authors gave a characteri-
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Ž .zation of simple K -groups 3 n 5 . For the simple K -groups, wen 4
have the following result. Here and in the following, we denote by  and 
the sets of positive integers and the set of prime numbers, respectively.
THEOREM 1. If  is a simple K -group, then  is isomorphic to one of4
Ž .the simple groups A , A , A , A , M , M , J , L q , where q is a prime7 8 9 10 11 12 2 2
power satisfying
1 q q2  1  gcd 2, q 1 21 32 p3 r 4 ,  	 i 1, . . . , 4 ,Ž . Ž . Ž .Ž . i
with p 3 and r 3 distinct prime numbers;
L 22 , L 23 , L 5 , L 7 , L 17 , L 3 , O 22 , O 32 ,Ž . Ž . Ž . Ž . Ž . Ž . Ž . Ž .3 3 3 3 3 4 5 5
O 5 , O 7 , O 2 , O
 2 , G 3 , U 22 , U 23 , U 32 ,Ž . Ž . Ž . Ž . Ž . Ž . Ž . Ž .5 5 7 8 2 3 3 3
U 5 , U 7 , U 3 , U 2 , S 23 , S 25 , 3D 2 , 2F 2 .Ž . Ž . Ž . Ž . Ž . Ž . Ž . Ž .3 3 4 5 z z 4 4
From Theorem 1, we know that the simple K -group problem is equiva-4
Ž .lent to: Is the number of prime powers q satisfying 1 finite or infinite? In
the present paper, we prove the following result.
Ž .THEOREM 2. All the solutions of 1 with 3 p r and p and r prime
are listed below.
Ž . 1 Ž .A When q 2 , all the solutions of Eq. 1 are
Ž 1 . 1      1, p 2 
 1 3, r 2  1,   3;2 3 4 1
  4,       1, p 5, r 17.1 2 3 4
Ž . 2 Ž .B When q 3 , all the solutions of Eq. 1 are
    4,     1, p 5, r 41;1 2 3 4
  2,   5,   2,   1, p 11, r 61;1 2 3 4
Ž 2 . Ž 2 .  2,     1, p 3 
 1 4, r 3  1 2,   2.1 3 4 2
Ž . 3 Ž .C When q p , the only solution of Eq. 1 is
  3,   1,   2,   1, p 5, r 13.1 2 3 4
Ž . 3 Ž .D When q r , all the solutions of Eq. 1 are
  5,       1, p 5, r 31;1 2 3 4
  7,   2,     1, p 7, r 127;1 2 3 4
a Ž 2 a1 . 2 a  2 ,       1, p 2 
 1 3, r 2 
 1, where1 2 3 4
a 2 such that 2 a  1 is prime;
  4,   1,     2, p 5, r 7;1 2 3 4
  5,     2,   1, p 7, r 97;1 2 3 4
  6,     2,   1, p 17, r 577;1 2 3 4
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11  2 1 2  4    1, p 2 3 
  , r 2 3 
  , 	 1, 1 , 3 4 1
 0,   0;2
a Ž 2 a . 2 a  2,   2 ,     1, p 3 
 1 2, r 2  3 
 1, a1 2 3 4
 0;
Ž 2 . 2  3,     1, p 3 
 1 4, r 2  3 
 1,   0;1 3 4 2
Ž 2 . 2  2,     1, p 3  1 2, r 2  3  1,   0.1 3 4 2
 In 18 , Shi claimed that the simple K -group problem can be reduced to4
the four Diophantine problems
2 p2  1 2 a3bqc , p , q	, p 3, q 3, a, b , c	,Ž .
2 m  1 p ,
3 p , q	, p 3, q 3, m , n	,Ž . m n2 
 1 3q ,
3m  1 2 pn ,
4 p , q	, p 3, q 3, m , n	,Ž . m3 
 1 4q ,
3m  1 2 p ,
5 p , q	, p 3, q 3, m , n	.Ž . m n3 
 1 4q ,
  Ž . Ž .In 12 , Le and Xu ‘‘give all solutions of 2  5 when c 1, n 1.’’ But
 their proofs are incorrect. Indeed, they all depend on Lemma 3 of 11 ,
 which is false; see the comment by Yuan 19 . In fact, we can prove the
following result by using an elementary method.
Ž . Ž .THEOREM 3. If n 1 then 4 has only the solution p, q, m, n 
Ž . Ž .11, 61, 5, 2 and 5 has no solution.
Ž .Further, we show in Section 3 that 3 has no solution with n 1.
2. PROOF OF THEOREM 3
In this section, we will use the following lemmas to prove our Theo-
rem 3.
LEMMA 1. The Diophantine equation
x m  1
2 y , x , y , m	, x 1, m 2,
x 1
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 Proof. See 13 . For a generalization and an elementary proof of
 Lemma 1, see 6 .
LEMMA 2. The Diophantine equation
3 x 2 
 1 4 y n , 2 n 1, x , y , n	,
has only the solution x y 1.
 Proof. This follows directly from a general result in 14 . A generaliza-
 tion and an elementary proof of Lemma 2 are given in 7 .
Ž .Proof of Theorem 3. First, we assume that p, q, m, n is a solution of
Ž . m n4 . If 2  n, then from 3  1 2 p and Lemma 1 we see that m 5,
m Ž .n 2, and p 11. Substituting m 5 into 3 
 1 4q in 4 , we have
Ž . nthat q 61. If 2 n, then 4 gives p 
 1 2 q and so
p
 1  pn 
 1  p
 1  2 q ,Ž . Ž . Ž .
which is impossible since 2 n, n 1, and q is prime.
Ž . Ž .Next, assume that p, q, m, n is a solution of 5 . By Lemma 1 and the
m n Ž .equation 3 
 1 4q in 5 , we get that 2mn. So we have
2Ž m1.2 n3 3 
 1 4q , 2 n , n 1,Ž .
which is impossible by Lemma 2. This proves Theorem 3.
3. PRELIMINARIES FOR PROOF OF THEOREM 2
THE DIOPHANTINE EQUATION 2 m 
 1 3 y q
The purpose of this section is to solve completely the Diophantine
equation
6 2 m 
 1 3 y q in integers m 2, q 2, y 2.Ž .
There is no loss of generality in assuming that q is prime. As a conse-
Ž .quence, we solve 3 with n 1.
Ž .LEMMA 3. The Diophantine equation 6 has no solution.
Proof. We use the method which has already been applied successfully
Ž  .see 3, 4 to the Diophantine equation
x m  1
q y in integers x 2, y 2, m 3, q 2,
x 1
Ž .after noting that 6 corresponds to the above equation with x2.
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For the reader’s convenience, however, we will explain the different
steps of the proof. Assume in the following that there are integers m 2,
y 2, and q 2 with 2 m 
 1 3 y q.
 Ž . Ž .First step: Upper bound for q. Since m, q, y is a solution of 6 , we
have
q1
m q2 y  3  ,ž /ž /y
 and we apply Theoreme 4 of 2 to bound from above the 2-adic valuation´ `
Ž .of , which we denote by   . We check easily that y is odd and that y2
and 3 are multiplicatively independent, and we take
1
p 2, g 2,   3,   , b  1, and b  q1 2 1 2y
 in Theoreme 4 of 2 , with´ `




7 m   36Ž . Ž .2 4log 2Ž .
2q 1
log y max log 
 
 0.04, 10.4 .½ 5ž /ž /log 3 log y
Ž .However, we deduce from 6 that m log 2 q log y, which together with
Ž .7 yields
2q 1
q 118.8 max log 
 
 0.04, 10.4 ;½ 5ž /ž /log 3 log y
hence we get
q 12850.
 Ž .Second step: Some conditions on m and q. Regarding 6 modulo 3,
we immediately see that m must be odd. By results of Nagell and
Ž  .Ljunggren see Ribenboim 17, pp. 111 and 117 , we know that q is odd
and that 3 does not divide m.
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 1, and 6 can be rewritten as
qq 
3 y  2 2  1,Ž .
 which has no solution with y 2 by Theorem 1.1 of Bennett 1 . Conse-
Ž . Ž .quently, 6 has no solution with m 1 mod q .
Third step: Local considerations. From the two previous steps, we see
Ž .that it remains to solve 6 for every odd prime q less than 12,850. For0
such a q , we proceed as follows.0
Ž . We consider the first prime numbers p with p 1 mod q and0
we work modulo p.
 For each such p, this leads to some conditions on the exponent m
Ž .of Eq. 6 ; more precisely, it implies that m belongs to some set modulo
p 1.
 It appears that combining these conditions for several values of p
Ž . Ž . Žand using that m 0 mod 3 and m 0 mod 2 both results proved in
. Ž .the second step yield m 1 mod q , which is excluded by the above-0
Ž . Ž .mentioned result of Bennett. Hence, 6 has no solution m, q , y .0
We performed these verifications on a computer, and it took only half a
Ž .day of CPU time. We conclude that 6 has no solution, as claimed.
4. PROOF OF THEOREM 2
We will use also the following lemmas to prove our theorem.
LEMMA 4. The Diophantine equation
3m  2 y q  1, m 2, y 2, q 2,
Ž . Ž .has only the solution y, m, q  11, 5, 2 .
   Proof. See 3 or 4 .
LEMMA 5. The Diophantine equation
x 2 
 1 2 y n , n 2, y 1, x , y , n	,
Ž . Ž .has only the solution x, y, n  239, 13, 4 .
 Proof. See 14, 15 .
LEMMA 6. If x or y is prime, then the Diophantine equation
x m  y n  1, x 1, y 1, m 1, n 1, x , y , m , n	,
Ž . Ž .has only the solution x, y, m, n  3, 2, 2, 3 .
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 Proof. See 8 .
Ž .Proof of Theorem 2. We solve Eq. 1 in which p 3 and r 3 are
distinct prime numbers. Without loss of generality, in the course of the
proof we do not consider the case of exchanging p3 and r 4. However,
Ž .the solutions of 1 are listed in Theorem 2 with the convention p r.
Ž . 1 Ž .A When q 2 , we get from 1 that
221  1 32 p3 r 4 .
Ž 1 1 .Since gcd 2 
 1, 2  1  1, we have
8 21 
 1 32 , 21  1 p3 r 4Ž .
or
9 21  1 32 , 21 
 1 p3 r 4Ž .
or
10 21 
 1 32 p3 , 21  1 r 4Ž .
or
11 21  1 32 p3 , 21 
 1 r 4 .Ž .
Ž . Ž . Ž .By Lemma 6, we see that both 8 and 9 are impossible. For 10 , by the
Ž . 1second equality of 10 and Lemma 6 we get that   1, and so r 2 4
Ž .1 with   2. By the first equality of 10 , we see that   1, i.e.,1 2
21 
 1 3 p3 .
This implies that   1 by Lemma 3.3
Ž . Ž .For 11 , by the second equality of 11 and Lemma 6 we get that
  1, i.e., that r 21 
 1 and so   2 a, a	. If a 1, then the4 1
Ž . 2 a1first equality of 11 is impossible. If a 1, then 3  2  1. So from
Ž 2 a1 2 a1 . Ž .gcd 2 
 1, 2  1  1 and the first equality of 11 we have
22
a1  1 32 , 22 a1 
 1 p3 .
This implies that a 2,     1, p 5, and r 17.2 3
Ž . 2 Ž .B When q 3 , we get from 1 that
32 2  1 21
1 p3 r 4 .
Ž 2 2 .Since gcd 3 
 1, 3  1  2 we have
12 32 
 1 21 , 32  1 2 p3 r 4Ž .
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or
13 32  1 21 , 32 
 1 2 p3 r 4Ž .
or
14 32 
 1 21 p3 , 32  1 2 r 4Ž .
or
15 32  1 21 p3 , 32 
 1 2 r 4 .Ž .
Ž . Ž . Ž .By Lemma 6, we see that both 12 and 13 are impossible. For 14 , if
Ž .  1, then by Lemma 4 and the second equality of 14 we get that4
  5,   2, r 11, and so   2, p 61,   1. If   1, then2 4 1 3 4
Ž . Ž 2 .the second equality of 14 gives r 3  1 2 and   2. Hence, we2
Ž .get from the first equality of 14 that   2 and 2  by Lemma 1.1 3
Therefore,
2Ž 1.2 2 33 3 
 1 4 p , 2  .Ž . 3
By Lemma 2, we get   1.3
Ž . Ž 2 2  2 2 .For 15 , we see that 2   ,   2. Since gcd 3 
 1, 3  1  22 2
and
2 mod 8 , if 2   2,Ž .0 mod 8 ,Ž . 2 2  22 23  1 3 
 1½ ½2 mod 8 , 4 mod 8 , if 2  2,Ž . Ž . 2
Ž .by the first equality of 15 , we get that
32 2  1 21 , 32 2 
 1 2 p3 if 2   2 ,Ž .2
or
32 2 
 1 211 , 32 2  1 2 p3 ,   1 2 if 2  2 .Ž .1 2
This gives   4,   4,     1, p 5, r 41.1 2 3 4
Ž . 3 Ž .C, D When q p , we get from 1 that
p2 3  1 21
1 32 r 4 .
Ž 3 3 .Since gcd p 
 1, p  1  2, we have
16 p3 
 1 21 , p3  1 2  32 r 4Ž .
or
17 p3  1 21 , p3 
 1 2  32 r 4Ž .
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or
18 p3 
 1 21 32 , p3  1 2 r 4Ž .
or
19 p3  1 21 32 , p3 
 1 2 r 4Ž .
or
20 p3 
 1 21 r 4 , p3  1 2  32Ž .
or
21 p3  1 21 r 4 , p3 
 1 2  32 .Ž .
Ž . Ž .For 16 , by Lemma 6 we know from the first equality of 16 that   13
Ž .and   2. Furthermore, 16 gives2
22 211  32 r 4  1.Ž .
Ž .Considering the equality 22 mod 3, we obtain 2    1 and so1
2Ž11 .2 1 32 , 2Ž11 .2	 1 r 4 .
ŽŽ . . Ž . Ž . Ž . 4 Ž11 .2It follows that   1 2,   1, 1 , 2, 1 , 3, 2 and r  2  21 2
 32 ; thus
  5,       1, p 31, r 51 2 3 4
and
  7,   2,     1, p 127, r 7.1 2 3 4
Ž . aFor 17 , similarly, we have that   1,   2 , a	, and3 1
23 22
a1  32 r 4 1.Ž .
Ž . a Ž .If   1, then we get from 23 that 3  2  1. Hence, 23 gives2
2Ž2
a1 .3 
 1 22Ž2 a1 .3  2Ž2 a1 .3 




 1 321 , 22Ž2 a1 .3  2Ž2 a1 .3 
 1 3r 4 ,
Ž .which is impossible. Therefore,   1 and so 23 gives2
22
a1 
 1 3r 4 .
By Lemma 3, this implies that   1. Further, 2 a  1 must be prime.4
2 a  4Hence, p 2 
 1 and a 2 since r 2, 3 .
SIMPLE K -GROUPS4 667
Ž . Ž .For 18 , clearly, 2  . We get from the first equality of 18 that3
21 32  p
 1  p3 
 1  p
 1 .Ž . Ž . Ž .
Ž 3 . Ž .This implies that   1 since 2 p 
 1  p
 1 . By the first equality3
Ž .minus the second equality of 18 , we have
24 211 32  r 4  1.Ž .
Ž . 11  2 1 2Similarly, 24 gives   1. Therefore, r 2 3  1, p 2 3  1.4
Ž . Ž .For 19 , by the same argument as that in the proof for 18 , we have
    1 and so r 211 32 
 1, p 21 32 
 1.3 4
Ž .For 20 , we easily obtain that   1, and by the first equality minus3
Ž .the second equality of 20 we get that
25 211 r 4  32  1.Ž .
Ž .If 2   , then 25 gives   2 and so   1 by Lemma 5. Therefore,2 1 4
a Ž 2 a .  2 , a	, since r is prime. This implies that r 3 
 1 2,2
p 2  32 a 
 1. If 2  , then   3, 2  , by Lemma 1. Therefore,2 1 4
Ž .25 gives
2Ž 1.2 2 43 3 
 1 4 r , 2  .Ž . 4
It follows from Lemma 2 that   1 and   0, whence p 2  32 
 1.4 2
Ž . Ž .For 21 , arguing as in the proof for 20 , we have   2,     1,1 3 4
2 Ž 2 .p 2  3  1, r 3  1 2, where   0.2
This proves Theorem 2.
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